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We onsider an ensemble of trapped atoms interating with a ontinuous wave laser eld. For
suiently polarized atoms and for a polarized light eld, we may approximate the non-lassial
omponents of the olletive spin angular momentum operator for the atoms and the Stokes vetors
of the eld by eetive position and momentum variables for whih we assume a gaussian state.
Within this approximation, we present a theory for the squeezing of the atomi spin by polarization
rotation measurements on the probe light. We derive analytial expressions for the squeezing with
and without inlusion of the noise eets introdued by atomi deay and by photon absorption.
The theory is readily adapted to the ase of inhomogeneous light-atom oupling [A. Kuzmih and
T.A.B. Kennedy, Phys. Rev. Lett. 92, 030407 (2004)℄. As a speial ase, we show how to formulate
the theory for an optially thik sample by sliing the gas into piees eah having only small photon
absorption probability. Our analysis of a realisti probing and measurement sheme shows that
it is the maximally squeezed omponent of the atomi gas that determines the auray of the
measurement.
PACS numbers: 03.67.Mn,03.65.Ta
I. INTRODUCTION
With spin squeezed atomi ensembles, i.e., samples
where the variane of one of the angular momentum
(spin) omponents is redued ompared with the oher-
ent state value, one has the possibility to measure er-
tain atomi and/or lassial parameters beyond the pre-
ision set by the standard quantum noise. Reent ex-
amples where this possibility was exploited inlude stud-
ies on magnetometry with olletive atomi spins [1, 2℄.
The entral feature in those works is the entanglement
of olletive ontinuous light-atom variables. This en-
tanglement an be reated by the free-spae interation
between a trapped polarized atomi sample and an ap-
propriately polarized propagating laser beam with pho-
ton energy adjusted to the energy spaing between the
atomi energy levels [3, 4℄. The probing of the atomi en-
semble with the light eld squeezes the atomi observable
(the atomi spin) and enables an improved measurement,
e.g., of a magneti eld. The underlying squeezing of the
olletive atomi spin variable was dealt with in a series
of papers (see, e.g., Refs. [5, 6, 7, 8, 9, 10, 11℄, and
referenes therein) inluding investigations of quantum
non-demolition feedbak shemes [10, 12℄, and a study of
the ase of inhomogeneous light-atom oupling [11℄. In
the present work, we follow the lines of Refs. [2, 13, 14℄,
and investigate the spin-squeezing of ontinuous variable
quantum systems in the approximation where the atomi
and photoni degrees of freedom are desribed by a gaus-
sian state. To this end we will use that the gaussian state
is fully haraterized by its expetation value vetor and
its ovariane matrix and we will use that expliit formu-
lae exist for the time evolution of the system and for the
quantum state redution under measurements, see, e.g.,
Refs. [15, 16, 17℄ and referenes therein. In partiular,
the fat that the measurements are expliitly aounted
for in the gaussian approximation is a strength of the
present theory.
In the development of the theory, we shall onsider a
ontinuous wave (w) beam of light passing through a
loud of trapped atoms. In the Shrödinger piture we
have an expliit update formula for the quantum state
onditioned on the outome of measurements arried out
on a quantum system, but a light beam is a multi-mode
eld with an innite dimensional Hilbert spae, in whih
a omplete desription of the quantum state is normally
prohibitively ompliated. The quantum mehanial de-
sription of w optial elds is often formulated in terms
of temporal orrelation funtions or the noise power spe-
trum of eld operators in the Heisenberg piture, whih
is, however, not a onvenient formulation, when the eld
is being monitored ontinuously in time. When we re-
strit ourselves to gaussian states, however, it is possible
to desribe the eld in the Shrödinger piture and to
dynamially evolve the ombined quantum state of the
interating light eld and atomi system.
The paper is organized as follows. In Se. II, we derive
the Hamiltonian for the olletive atom-light oupling.
In Se. III, we desribe dynamis and measurements in
the gaussian approximation and provide update formulae
for the ovariane matrix and for the expetation value
vetor. In Se. IV, we present fully analytial results for
spin-squeezing of an atomi gas for a homogeneous light-
atom oupling, and small photon absorption probability
and atomi deay rate. In Se. V, we desribe how to
handle the ase of inhomogeneous light-atom oupling.
In Se. VA we treat the ase of an optially thin gas,
i.e., small photon absorption, and we obtain analytial
results. In Se. VB, we investigate the ase of an opti-
ally thik gas. In Se. VI, we show that the maximally
2squeezed omponent of the gas will set the limit for the
preision in a given measurement. Se. VII briey sum-
marizes the results and onludes the paper.
II. COLLECTIVE ATOM-LIGHT COUPLING
To desribe the atom-light oupling, we imagine that
the beam is split up into short segments of duration τ and
orresponding length L = cτ . These beam segments are
hosen so short, that the eld in a single segment an be
treated as a single mode, and that the state of an atom
interating with the eld does not hange appreiably
during time τ , so that the evolution of the atomi system
is obtained by sequential interation with light segments.
Sine we are interested in modelling a w oherent beam
with onstant intensity, we assume a mode funtion for
eah segment of the eld whih is onstant on a length L
and within the transverse area A, i.e., the quantization
of the eld energy LAε0E
2 = N
ph
~ω yields the relation
between the eletri eld amplitude and the photon num-
ber in the segment of the eld, E =
√
N
ph
√
~ω
LAε0
. In the
sheme for spin squeezing, we onsider a light beam lin-
early polarized along the x diretion and propagating in
the y diretion. The polarization an be deomposed in
two polarization omponents with opposite irular po-
larization with respet to the quantization axis z. These
two omponents interat dierently with the atoms be-
ause of the seletion rules of the optial dipole transi-
tion. Imagine atoms with a ground (|g〉) and an exited
(|e〉) state with J = 1/2, interating with the σ+ and
σ− omponents of the light eld on the |g−1/2〉 ↔ |e1/2〉
and |g1/2〉 ↔ |e−1/2〉 transitions, respetively. The inter-
ation Hamiltonian between a olletion of N
at
atoms,
enumerated with the index i and the two quantized elds
thus writes
H =
N
at∑
i=1
(
~ga+|e1/2,i〉〈g−1/2,i|+ h.c.
+ ~ga−|e−1/2,i〉〈g1/2,i|+ h.c.
)
, (1)
with ~g = −dE0, d the atomi dipole moment on the
relevant transition, and E0 =
√
~ω/LAε0 the 'eld per
photon', identied above. We assume that the elds are
frequeny detuned by an amount ∆ with respet to the
atomi resonane. In the limit where g
√
N
ph
≪ ∆ the
atoms are not exited by the elds, and the dynamis is
entirely assoiated with the light-indued energy shifts
of the ground states. Adiabati elimination of the upper
states then leads to the eetive Hamiltonian
H =
N
at∑
i=1
~g2
∆
(
a†+a+|g−1/2,i〉〈g−1/2,i|+
+ a†−a−|g1/2,i〉〈g1/2,i|
)
, (2)
whih applies for the duration τ for whih the eld over-
laps the atomi system. The photon eld is suitably
desribed by a Stokes vetor formalism, with a maro-
sopi value of the omponent 〈Sx〉 = ~Nph/2, and
where the Sz operator yields the dierene between the
number of photons with the two irular polarizations,
Sz = ~(a
†
+a+−a†−a−)/2, and Sy yields the dierene be-
tween the number of photons polarized at 45◦and 135◦,
with respet to the z axis, respetively. The Stokes vetor
omponents obey the ommutator relations of a titious
spin, and the assoiated quantum mehanial unertainty
relation on Sy and Sz, Var(Sy)Var(Sz) = |〈~Sx〉|2/4, are
in preise orrespondene with the binomial distribution
of the linearly polarized photons onto the other sets of
orthogonal polarization diretions. We introdue the ef-
fetive artesian oordinates
(x
ph
, p
ph
) =
(
Sy√
|〈~Sx〉|
,
Sz√
|〈~Sx〉|
)
, (3)
with the standard ommutator [x
ph
, p
ph
] = i and result-
ing unertainty relation, whih is minimized in the initial
state, implying that this state is a gaussian state, i.e., its
Wigner funtion is a gaussian funtion of the phase spae
oordinates.
The atomi ensemble is initially prepared with all N
at
atoms in a superposition (|g−1/2〉 + |g1/2〉)/
√
2 of the
two ground states with respet to the quantization axis
z, i.e., the total state of the atoms is initially given by(
(|g−1/2〉+ |g1/2〉)/
√
2
)N
at
. In this state, the system of
two-level atoms is desribed by a olletive spin vetor,
where the omponent along the x-diretion attains the
marosopi value 〈Jx〉 = ~Nat/2, and where the olle-
tive spin along the z-axis, Jz, represents the population
dierene of the |g±1/2〉 states. As for the photons, the
quantum mehanial unertainty relation for the olle-
tive spin omponents of the atomi state orresponds ex-
atly to the binomial distribution of the atoms on the two
ground states, and also here it is onvenient to introdue
artesian oordinates
(x
at
, p
at
) =
(
Jy√
|〈~Jx〉|
,
Jz√
|〈~Jx〉|
)
, (4)
for whih the initial state is a minimum unertainty gaus-
sian state.
The Hamiltonian (2) an be rewritten in terms of the
eetive atomi and eld variables. First, we note that∑N
at
i=1 |g∓1/2,i〉〈g∓1/2,i| = Nat/2± Jz/~ and that a†±a± =
Φτ/2±Sz/~, where Φ is the photon ux. We then insert
these expressions in Eq. (2), leave out a onstant energy
shift and obtain the eetive interation Hamiltonian
Hτ = ~κτpatpph. (5)
We display the produt ofH and τ , to expose the eet of
the interation with the whole segment, and we introdue
the eetive oupling 'onstant'
κτ = 2
g2
∆
√
|〈Jx〉|
~
|〈Sx〉|
~
τ. (6)
3The free-spae oupling onstant of light and atoms is
small, and the oarse grained desription will be per-
fetly valid even for the marosopi values of N
ph
= Φτ
required by our treatment. The Hamiltonian in Eq. (5)
orrelates the atoms and the light elds. It is bilinear in
the anonial variables, and hene preserves the gaussian
harater of the joint state of the system [15℄. We have
emphasized the onveniene of using gaussian states, be-
ause their Shrödinger piture representation is very e-
ient and ompat. Now, given that every segment of the
optial beam beomes orrelated with the atomi sample,
as a funtion of time, the joint state of the atom and eld
has to be speied by a larger and larger number of mean
values and seond order moments. If no further intera-
tions take plae between quantum systems and the light
after the interation with the atoms, there is no need to
keep trak of the state of the total system. In pratie,
either the transmitted light may simply disappear or it
may be registered in a detetion proess. In the former
ase, the relevant desription of the remaining system is
obtained by a partial trae over the eld state, whih
produes a new gaussian state of the atoms. We are in-
terested in the ase, where the polarization rotation of
the eld is registered, i.e., the observable x
ph
is mea-
sured. The eet of measuring one of the omponents
in a multi-variable gaussian state is eetively to pro-
due a new gaussian state of the remaining variables as
disussed in detail in Se. III.
III. DYNAMICS AND MEASUREMENTS IN
THE GAUSSIAN APPROXIMATION
INCLUDING NOISE
Having established the fat that the quantum state of
the atoms is at all times desribed as a gaussian state, we
shall set up the preise formalism. For the olumn vetor
of the four variables y = (x
at
, p
at
, x
ph
, p
ph
)T desribing
the atoms and a single segment of the light beam, the
Heisenberg equations of motion yield
y(t+ τ) = Sτy(t) (7)
with the transformation matrix
Sτ =


1 0 0 κτ
0 1 0 0
0 κτ 1 0
0 0 0 1

 . (8)
From Eq. (7) and the denition of the ovariane matrix
γij = 2Re 〈(yi − 〈yi〉)(yj − 〈yj〉)〉 [15, 17℄, we diretly ver-
ify that γ transforms as
γ(t+ τ) = Sτγ(t)Sτ
T , (9)
due to the atom-light interation.
In the probing proess there is a small probability that
the exited state levels whih were adiabatially elimi-
nated from the interation Hamiltonian of Eq. (5) will
be populated. If this happens, the subsequent deay to
one of the two mz = ±1/2 ground states ours with the
rate
η = Φ
σ
A
(
Γ2/4
Γ2/4 + ∆2
)
, (10)
where Γ is the atomi deay width and σ = λ2/(2π) is
the resonant photon absorption ross-setion. The on-
sequene of the deay is a loss of spin polarization sine
a detetion of the uoresene photons in priniple ould
tell to whih ground state the atom deayed. If every
atom has a probability ητ = ητ to deay in time τ with
equal probability into the two ground states, the olle-
tive mean spin vetor is redued by the orresponding fa-
tor 〈J〉 → 〈J〉(1 − ητ ). When the lassial x-omponent
is redued this leads to a redution with time of the ou-
pling strength κτ 7→ κτ
√
1− ητ whih was also disussed
in Refs. [1, 2, 14℄. Simultaneously, every photon on its
way through the atomi gas has a probability for being
absorbed [14℄
ǫ = N
at
σ
A
(
Γ2/4
Γ2/4 + ∆2
)
. (11)
This means that the vetor of expetation values
evolves as 〈y(t + τ)〉 = LτSτ 〈y(t)〉 with Lτ =
diag(
√
1− ητ ,
√
1− ητ ,
√
1− ǫ,√1− ǫ).
The fration ητ of atoms that have deayed represents
a loss of olletive squeezing beause its orrelation with
the other atoms is lost, whereas it still provides a on-
tribution ~2/4 per atom to the olletive spin variane.
We may use the symmetry of the olletive spin operator
under the exhange of partiles to express the mean value
of, e.g., J2z as 〈J2z 〉 = ~
2
4 Nat +
~
2
4 Nat(Nat − 1)〈σ
(1)
z σ
(2)
z 〉
where we have used that 〈(σ(i)z )2〉 = 〈(σ(1)z )2〉 = 1, and
〈σ(i)z σ(j)z 〉 = 〈σ(1)z σ(2)x 〉 for all i and j (i 6= j). We may
solve the equation for the orrelations between the dif-
ferent spins
〈σ(1)z σ(2)z 〉 =
〈J2z 〉 − ~
2
4 Nat
~2
4 Nat(Nat − 1)
. (12)
During a time interval of duration τ , ητNat atoms de-
ay by spontaneous emission. This means that 〈J2z 〉 7→
〈J ′2z 〉 = ~
2
4 Nat(1 − ητ ) + ~
2
4 Nat(1 − ητ )(Nat(1 − ητ ) −
1)〈σ(1)z σ(2)z 〉 + ~24 ητNat, where the last term omes from
the atoms that have deayed. The orrelations given by
Eq. (12) are inserted, and for large N
at
we nd
〈J2z 〉 → 〈J ′2z 〉 = (1− ητ )2〈J2z 〉+
~2N
at
4
(1− (1− ητ )2)
≃ (1− ητ )2〈J2z 〉+
~2N
at
4
2ητ , (13)
where the last line follows in the limit of small atomi de-
ay, ητ ≪ 1. To determine the development of the anon-
ial variables, we also need the behavior of moments of
4the type 〈Jx〉: 〈Jx〉 7→ 〈J ′x〉 = (1 − ητ )〈Jx〉. Combining
this result with Eq. (13), we nd
〈p2
at
〉 → 〈p′2
at
〉 = (1− ητ )〈p2
at
〉+ ~Nat2ητ/4〈J ′x〉
(14)
and a similar expression for x
at
.
The photons that are absorbed do not ontribute to
the olletive Stokes vetor, and we nd by an analysis
similar to the above, that
〈S2z 〉 → 〈S′2z 〉 = (1− ǫ)2〈S2z 〉+ (~2Nph/4)ǫ(1− ǫ)
≃ (1− ǫ)2〈S2z 〉+ (~2Nph/4)ǫ (15)
in the limit of small ǫ. For the eetive p
ph
variable, we
nd
〈p2
ph
〉 → 〈p′2
ph
〉 = (1 − ǫ)〈p2
ph
〉+ ~Nphǫ/4〈S′x〉
, (16)
and a similar expression for x
ph
.
Using Eq. (14) and Eq. (16) and similar expressions
for the other elements of the ovariane matrix, Eq. (9)
generalizes to
γ(t+ τ) = LτSτγ(t)S
T
τ Lτ +
~N
at
〈Jx(t)〉Mτ +
~N
ph
2〈Sx(t)〉N
(17)
for ητ , ǫ ≪ 1 with Mτ = diag(ητ , ητ , 0, 0), and N =
diag(0, 0, ǫ, ǫ). The fator ~N
at
/〈Jx(t)〉 initially attains
the value 2, and inreases by the fator (1 − ητ )−1 in
eah time step τ . The fator ~N
ph
/(2〈Sx(t)〉) is initially
unity, and is approximately onstant in time sine the
light eld is ontinuously renewed by new segments of
the light beam interating with the atoms. An exeption
is the optially thik gas disussed below in Se. VB.
We note that the present aumulation of noise is based
on the anonial x and p variables entering the ovariane
matrix, and not on the physial spin and Stokes variables
for the atoms and the photons, respetively. As disussed
in more detail elsewhere [18℄, this introdues diulties
in the limit of large atomi deay probabilities. As long
as the probability for atomi deay is small during the
proess under onern, however, the present approah is
highly aurate. This is the regime onsidered in this
work.
In the gaussian approximation, the system is fully har-
aterized by the vetor of expetation values 〈y〉 and the
ovariane matrix γ. We probe the system by measuring
the Faraday rotation of the probe eld, i.e., by measur-
ing the eld observable x
ph
. Sine the photon eld is an
integral part of the quantum system, this measurement
will hange the state of the whole system, and in parti-
ular the ovariane matrix of the atoms. We denote the
ovariane matrix by
γ =
(
Aγ Cγ
C
T
γ Bγ
)
, (18)
where the 2× 2 sub-matrix Aγ is the ovariane matrix
for the variables y1 = (xat, pat)
T
, Bγ is the 2 × 2 o-
variane matrix for y2 = (xph, pph)
T
, and Cγ is the 2× 2
orrelation matrix for y1 and y
T
2 . An instantaneous mea-
surement of x
ph
then transforms Aγ as [15, 16, 17℄
Aγ 7→ A′γ = Aγ −Cγ(πBγπ)−CTγ , (19)
where π = diag(1, 0), and where ()− denotes the Moore-
Penrose pseudoinverse.
After the measurement, the eld part has disappeared,
and a new beam segment is inident on the atoms. This
part of the beam is not yet orrelated with the atoms, and
it is in the osillator ground state, hene the ovariane
matrix γ is updated with A′γ , C
′
γ a 2×2 matrix of zeros,
and B
′
γ = diag(1, 1) before the next appliation of the
transformation of Eq. (17).
Unlike the ovariane matrix update, whih is indepen-
dent of the value atually measured in the optial dete-
tion, the vetor 〈y〉 of expetation values will hange in
a stohasti manner depending on the outome of these
measurements. The outome of the measurement on x
ph
after the interation with the atoms is random, and the
atual measurement hanges the expetation value of all
other observables due to the orrelations represented by
the ovariane matrix. Let χ denote the dierene be-
tween the measurement outome and the expetation
value of x
ph
, i.e., a gaussian random variable with mean
value zero and variane 1/2. The hange of 〈y1〉 due to
the measurement is now given by:
〈y1〉 7→ 〈y′1〉 = 〈y1〉+Cγ(πBπ)−(χ, ·)T , (20)
where we use that (πBπ)− = diag(B(1, 1)−1, 0), and
hene the seond entrane in the vetor (χ, ·) need not
be speied.
The gaussian state of the system is propagated in time
by repeated use of Eq. (17) and the measurement up-
date formulae (19)-(20). This evolution is readily im-
plemented numerially, and the expetation value and
our unertainty about, e.g., the value of the squeezed p
at
variable of the atoms are given by the seond entrane
in the vetor of expetation values 〈y2〉 = 〈pat〉 and the
ovariane matrix element Aγ(2, 2) = 2Var(pat).
We onlude this setion by noting that if one asso-
iates with the preise measurement of xph an innite
variane of pat and a total loss of orrelations between
pat and the other variables due to Heisenberg's uner-
tainty relation, the Moore-Penrose pseudoinverse an be
written as a normal inverse of the ovariane matrix,
(πBπ)− =diag(B(1, 1),∞)−1. Equations (19) and (20)
are then equivalent with the results for the estimation
of lassial gaussian random variables derived, e.g., in
Ref. [19℄.
IV. HOMOGENOUS LIGHT-ATOM COUPLING
The time evolution of the atomi p
at
variable is om-
pletely determined by the update formulae for the ovari-
ane matrix (17) and the measurement update formula
5(19). In the limit of innitesimal time steps, these for-
mulae translate into dierential equations, and we obtain
the following equations for the variane of p
at
(∝ Jz)
d
dt
Var(p
at
) = −2κ2 (Var(p
at
))
2
, (21)
and
d
dt
Var(p
at
) = −2κ2(1−ǫ)e−ηtVar(p
at
)2−ηVar(p
at
)+ηeηt,
(22)
orresponding to the ases where atomi deay and pho-
ton absorption are negleted and inluded, respetively.
Here the light-atom oupling κ is given by
κ2 = N
at
Φ
( χ
∆
)2
, (23)
with χ = g2τ = d
2
~ω
Acǫo~2
. Equation (21) is readily solved
by separating the variables, and we obtain
Var(p
at
) =
1
2κ2t+ 1/Var(p
at,0
)
, (24)
where Var(p
at,0
) = 1/2 is the variane of the initial min-
imum unertainty state.
To solve (22), we introdue the hange of variable
V˜ar(p
at
) = e−ηtVar(p
at
), and obtain
d
dt
˜
Var(p
at
) = −2κ2(1− ǫ) ˜Var(p
at
)
2
− 2ηV˜ar(p
at
) + η,
(25)
whih is separable. With β =
√
η
κ2(1−ǫ)
(
η
κ2(1−ǫ) + 2
)
,
the solution of Eq. (22) reads
Var(p
at
) =
β
2

Var(pat,0) + η2κ2(1−ǫ) + β2 + e−2βκ2(1−ǫ)t
(
Var(p
at,0
) + η2κ2(1−ǫ) − β2
)
Var(p
at,0
) + η2κ2(1−ǫ) +
β
2 − e−2βκ2(1−ǫ)t
(
Var(p
at,0
) + η2κ2(1−ǫ) − β2
)

 eηt − η
2κ2(1− ǫ)e
ηt. (26)
Figure 1 shows the spin squeezing as a funtion of prob-
ing time. When atomi deay is not inluded, the uner-
tainty in p
at
is a monotonially dereasing funtion with
time. When deays are inluded, a minimum is reahed
whereafter the degree of squeezing starts to derease. On
the time sale of the gure, whih is hosen to reet real-
isti experimental time sales, the inrease in Var(p
at
) is
hardly visible. From Eq. (22), we nd that the minimum
in the variane ours at the instant of time
t
min
=
1
2βκ2(1 − ǫ) (27)
× ln
(
Var(p
at,0
) + η2κ2(1−ǫ) − β2
Var(p
at,0
) + η2κ2(1−ǫ) +
β
2
4βκ2(1− ǫ)
η
)
.
In the typial experimental situation, η/2κ2(1 − ǫ) ≪
1 whih means that β ≃
√
2η/(1− ǫ)/κ. In this ase
Eq. (27) simplies to
t
min
=
1
2
√
2η(1− ǫ)κ ln
(
4
√
2(1− ǫ)κ√
η
)
. (28)
From Eq. (28), we see that t
min
dereases for inreasing
oupling strength κ, and for inreasing deay rate η. In-
terestingly, the instant of time for the minimum in the
variane is independent of the initial unertainty in the
atomi variable p
at
.
We may now go bak to Eq. (22) and evaluate the value
of the variane at time t
min
. In the regime onsidered
above, and in the gure, we nd
∆p(t
min
) =
√
1
κ
√
η
2(1− ǫ) . (29)
This learly shows that the higher oupling and the lower
deay, the better spin squeezing. It is the term linear in η
in Eq. (22) that is responsible for the 'saturation eet'
in the variane at early times where the exponential is
still lose to unity, eηt ≃ 1.
To speify for a given number of atoms, how many
photons we need to obtain optimal spin squeezing in time
t
min
limited perhaps by other experimental onstraints,
we express η = Φ σA
Γ2
∆2 , κ
2 = Φ σA
Γ2
∆2Nat, and insert in
Eq. (28). The slow logarithmi dependene and fators
of order unity an be negleted, and we an introdue ǫ
via the relation ǫ = N
at
σ
A
Γ2
∆2 , and nd Φtmin ≃ 1ǫ
√
A
σNat.
If we aept photon absorption at the perent level, we
obtain
Φt
min
& 100
√
A
σ
√
N
at
. (30)
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Figure 1: Unertainty of p
at
as funtion of time. The eetive oupling is κ2 = 1.83 × 106 s−1. The lower urve is without
inlusion of atomi deay, and the upper urve inludes atomi deay with a rate η = 1.7577 s−1 and photon absorption with
ǫ = 0.028. These values orrespond for example to a 2 mm2 interation area, 2 × 1012 atoms, 5 × 1014 photons s−1, 10GHz
detuning, and 852 nm light, appropriate for the
133
Cs(6S1/2(F = 4) − 6P1/2(F = 5)) transition with deay rate 3.1 × 10
7
s
−1
and orresponding atomi dipole moment d = 2.61× 10−29 Cm. Fators of order unity related to the oupling matrix elements
among dierent states of the atual Zeeman substruture are omitted.
In our ase, we have A/σ ≃ 1.7×107. A realisti upper
limit for t
min
is 1 ms, and from Eq. (30) it then follows
that the photon ux should fulll
Φ & 108
√
N
at
1
s
. (31)
V. INHOMOGENEOUS LIGHT-ATOM
COUPLING
We now onsider two senarios leading to inhomoge-
neous light-atom oupling, a ase reently disussed the-
oretially in the literature [11℄. First, we shall study the
ase where the oupling is inhomogeneous as a onse-
quene of a variation in the intensity of the light beam
aross the sample. Seond, we shall onsider the ase
of an optially thik sample where the photon eld, and
therefore the oupling, hanges through the atomi sam-
ple due to absorption. Both ases are readily handled
within the gaussian approximation.
A. Case (a): optially thin sample
We onsider the ase where the atomi gas is divided
into, say n, slies eah with loal light-atom oupling
strength κi. The 2n+ 2 olumn vetor of gaussian vari-
ables desribing the 2n olletive anonial position and
momentum variables for the atoms, and the 2 olletive
position and momentum variables for the photon eld
then reads
y = (x
at,1, pat,1, . . . , xat,n, pat,n, xph, pph)
T . (32)
The generalization of Eq. (5), to the ase with inhomo-
geneous oupling reads
Hτ = ~
(
n∑
i=1
κτ,ipat,i
)
p
ph
, (33)
where the summation index overs the dierent groups
of atoms.
To model the eet of an inhomogeneous oupling of
the light to the atomi sample, we onsider n = 10
dierent values of κ2 hosen uniformly in the interval
[κ20(1−δ);κ20(1+δ)] with δ = {0, 0.1, 0.5}. In this way, the
eetive oupling onstant
√∑n
j=1 κ
2
j remains onstant
while the variane in the oupling onstants inreases.
The values of the oupling strength ould, e.g., dier be-
ause of the transverse intensity prole of the laser beam.
As a onsequene, the values of the atomi deay rate η
(also proportional to intensity) are dierent in eah slie.
The measurement is desribed by the method in Se. III,
and the propagation is given by a modiation of Eq. (17)
γ(t+ τ) = LτSτγτS
†
τLτ +Mτ +N, (34)
where the (2n+2)× (2n+2) matrix Sτ is obtained from
the time evolution of the system as in Se. III, and where
7Lτ = diag(
√
1− ητ,1,
√
1− ητ,1, . . . ,
√
1− ητ,n,
√
1− ητ,n,
√
1− ǫ,√1− ǫ),
Mτ = ~×diag(Nat,1η1〈Jx,1〉 ,
N
at,1η1
〈Jx,1〉 , . . . ,
N
at,nηn
〈Jx,n〉 ,
N
at,n,ηn
〈Jx,n〉 , 0, 0),
and N = diag(0, 0, . . . , 0, 0, ǫ, ǫ). For onveniene, we
assume that the number of atoms Nat,i subjet to a given
oupling strength κi is simply Nat/n.
The atomi ovariane matrix now has dimension (2n×
2n), and it ontains the varianes of the atomi observ-
ables in eah slie and the orrelations between them.
Colletive observables are desribed by linear ombina-
tions of the (xat,i, pat,i) and their varianes an be ob-
tained expliitly.
From the Hamiltonian (33), it is lear, that the
probe eld ouples to the asymmetri olletive variable∑n
i=1 κτ,ipat,i. The orresponding asymmetri olletive
harmoni osillator variables involved in the spin squeez-
ing are, aordingly
(X
e
, P
e
) =
(∑n
i=1 κixat,i√∑n
i=1 κ
2
i
,
∑n
i=1 κipat,i√∑n
i=1 κ
2
i
)
, (35)
The symmetri olletive variables that are usually on-
sidered (see, e.g., the disussion in Ref. [11℄ and referenes
therein), are, on the other hand, given by
(X,P ) =
(
1√
n
n∑
i=1
x
at,i,
1√
n
n∑
i=1
p
at,i
)
, (36)
and it is interesting to see how these two sets of variables
are onneted. A straightforward alulation shows that
we may express the latter variables as
(X,P ) = a(X
e
, P
e
) + b(X⊥, P⊥), (37)
where (X⊥, P⊥) are anonial variables whih ommute
with (X
e
, P
e
) and with the interation Hamiltonian of
Eq. (33), and where the oeients are given by
a =
∑n
j=1 κj/
√
n√∑n
j=1 κ
2
j
, (38)
and
b(X⊥, P⊥) =
1√
n
n∑
i=1
(
1− κi
∑n
j=1 κj∑n
j=1 κ
2
j
)
(x
at,i, pat,i).
(39)
From Eq. (37), it follows that the varianes of X and P
may be expressed as
Var(X) = a2Var(X
e
) + (1− a2)/2, (40)
and
Var(P ) = a2Var(P
e
) + (1− a2)/2, (41)
where we have used that 1 = a2 + b2 and that the om-
ponents (X⊥, P⊥) are unaeted by measurements, so
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Figure 2: Unertainty of the maximally squeezed omponent
of the atomi gas (P
at
) as funtion of time. The higher-lying
urves show the unertainty in the symmetri olletive pa-
rameter (Eq. (36)) for n = 10 uniformly distributed values of
κ2 in [0.9κ20 ; 1.1κ
2
0] (middle) and [0.5κ
2
0; 1.5κ
2
0] (upper) . The
entral eetive oupling is κ20 = 1.83× 10
6
s
−1
, and all other
parameters are as in Fig. 1. The lower urve is the smallest
eigenvalue of the ovariane matrix, whih is the same for the
two ranges of κ2 to the preision visible in the gure.
Var(X⊥) = Var(P⊥) = 1/2 for all times (if atomi deay
is not taken into aount).
In Fig. 2, the lowest urve shows the smallest eigen-
value of the ovariane matrix as a funtion of time.
The assoiated eigenvetor represents a ombination of
the anonial variables for the dierent slies, whih is
maximally squeezed. For the present values of the noise
parameters (η and ǫ), we have an overlap very lose to
unity between the eigenvetor of this urve and the ef-
fetive asymmetri olletive variable P
e
of Eq. (35).
This means that this omponent is indeed the one that
is maximally squeezed. The analytial result for the
squeezing of this omponent is obtained from (26) with
κ →
√∑n
j=1 κ
2
j . For the values for atomi deay and
photon absorption onsidered in the gure, also the for-
mula (41) reprodues the fully numerial alulations for
the symmetri olletive oordinate P of Eq. (36).
B. Case (b): optially thik gas
We now turn to the situation where the sample is op-
tially thik. The probability ǫ for absorption of photons
through the gas is then larger than, say, a few perent.
This means that the ondition ǫ≪ 1 whih was assumed
in the derivation of the eetive light-atom oupling of
8Eq. (5) is no longer fullled. By sliing the gas into
piees labeled by i = 1, 2, . . . , n, within eah of whih
the onstraint on atomi deay and photon absorption
ηi, ǫi ≪ 1 is fullled, we may, however, still loally for
a xed slie i use the eetive Hamiltonian and address
the problem in the gaussian approximation. The vetor
of variables desribing the system is then of the same
form as in Eq. (32), and the Hamiltonian is given by
Eq. (33). The onsiderable absorption of photons from a
beam segment on its way through the atomi gas, means
that the update formula for the ovariane matrix needs
to be iterated aording to the dierent loal noise and
oupling strengths. Aordingly, as eah beam segment
passes through the atomi gas for i = 1 to n, we go
through the following update formulae for the ovariane
matrix (17):
γi = Lτ,iSτ,iγi−1STτ,iLτ,i (42)
+
~N
at,i
〈Jx,i(t)〉Mτ,i +
~N
ph,i
2〈Sx,i(t)〉Ni
where the transformation matrix Sτ,i is given by a ma-
trix with o-diagonal elements κτ,i at entranes ((2i −
1), (2n+2)) and ((2n+1), 2i)). For example, Sτ,2 for the
ase of only two slies (n = 2) is given by
Sτ,2 =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 κτ,2
0 0 0 1 0 0
0 0 0 κτ,2 1 0
0 0 0 0 0 1

 . (43)
The onstraints on deay and absorption
must be fullled ητ,i, ǫi ≪ 1 and Lτ,i =
diag(1, . . . ,
√
1− ητ,i,
√
1− ητ,i, 1, . . . ,
√
1− ǫi,
√
1− ǫi),
Mτ,i = diag(0, . . . , 0, ητ,i, ητ,i, 0, . . . , 0))., and
Ni = diag(0, . . . , 0, ǫi, ǫi). The full ovariane ma-
trix is updated every time the pulse segment passes a
new slie. When the pulse segment has nally left the
gas, it is being measured, and γn is modied (γn → γ′n)
aording to Eqs. (18) and (19) of Se. III, with the
2n × 2n submatrix Aγ the ovariane matrix for the
variables y1 = (xat,1, pat,1, . . . , xat,n, pat,n)
T
, Bγ the
2× 2 ovariane matrix for y2 = (xph, pph)T and Cγ the
2n × 2 orrelation matrix for y1 and yT2 . When we set
γ0(t + τ) = γ
′
n(t), we use Eq. (42) with i = 1 to n to
desribe the interation with the next beam segment. In
reality, the light segment orresponding to any pratial
duration τ will be muh longer than the entire atomi
sample, and the interation with one group of atoms has
not nished before the interation with the subsequent
group starts. It is not diult to see, however, that if
the atomi dynamis is entirely due to the interation
with the optial eld, there is no dierene between
the ahievements of the real system and those where
we imagine the atomi slies separated by free spae
separation distanes larger than cτ , desribed preisely
by the above formulation. In Eq. (42),
For onveniene, we give the time and spae (slie) de-
pendene of the parameters in Eqs. (42) and (43) expli-
itly. The hange in the lassial Stokes vetor through
the dierent slies due to photon absorption is given by
〈Sx,i〉 = 〈Sx,i=0〉 exp(−
i∑
i′=1
ǫi′), (44)
where the absorption probability in slie i is ǫi, and hene
the total photon absorption probability in the gas is
(1− exp(−∑ni=1 ǫi)). The hange in 〈Jx,i〉 due to atomi
deay is given by
〈Jx,i(t)〉 = 〈Jx,i(0)〉 exp(−ηit). (45)
The atomi deay rate ηi is a dereasing funtion of the
slie-number sine fewer and fewer photons are available
to exite the atoms
ηi = η0 exp(−
i∑
i′=1
ǫi′), (46)
and nally, the light-atom oupling onstant κ will de-
pend on both time and spae
κ2(t, i) = κ20 exp(−
i∑
i′=1
ǫi′) exp(−ηit), (47)
where κ20 is given as in Eq. (23) and every slie ontains
N
at,i = Nat atoms. From the above relations and the ini-
tial onditions 〈Sx,i〉 = ~Nph,i/2 and 〈Jx,i〉 = ~Nat,i/2 it
follows that the pre-fators on the noise terms in Eq. (42)
are given by
~N
at,i
〈Jx,i〉 =
2
e−ηit
, (48)
and
~N
ph,i
2〈Sx,i〉 =
1
e−
∑
i
i′=1
ǫi′
. (49)
We have modeled the eet of photon-absorption in-
dued inhomogeneous light-atom oupling using the pa-
rameters detailed in the aption of Fig. 3. The photon ab-
sorption is varied by varying the detuning, and the light-
atom oupling strength κ2 and the atomi deay proba-
bility η are kept onstant at the values used in Figs. 1
and 2 by adjusting the photon ux inversely proportional
to hanges in the detuning squared. Figure 3 shows the
unertainty of the maximally squeezed omponent of the
sample as determined by the smallest eigenvalue of the
ovariane matrix. We see as expeted that the degree
of squeezing dereases with inreasing photon absorption
probability.
In Fig. 4, we ompare for two representative ases from
Fig. 3, the unertainty of the maximally squeezed ompo-
nent of the gas with the unertainty of the olletive inho-
mogeneous variable P
e
of Eq. (35). The variane of the
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Figure 3: Unertainty of the maximally squeezed omponent
of the gas (P
at
) as funtion of probing time for varying degrees
of photon absorption. The perentage of photons absorbed is
indiated at the solid urves. The gas is deomposed in n
slies eah absorbing ǫi = 0.028 of the light intensity. From
the lower to the upper urve the number of suh slies at-
tains the values n = 1, 4, 8, 13, 25, and 50. Other physial
parameters are as speied in Fig. 1.
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Figure 4: As Fig. 3 but only for n = 4 and n = 50. Curves
(1) and (3) represent the maximally squeezed omponent of
the gas. Curves (2) and (4) display the unertainty in the in-
homogeneous olletive variable P
e
of Eq. (35) as a funtion
of time.
latter variable an be alulated straightforwardly from
our knowledge of the time-dependent light-atom oupling
onstants κi and the full ovariane matrix: Var(Pe) =(∑
i,j κi(t)κj(t)(〈pipj〉 − 〈pi〉〈pj〉)
)/∑
k κi(t)
2
. We see
that for low and moderate photon absorption, the result
for the eetive asymmetri variable of Eq. (35) is lose
to the fully numerial result. Only for high photon ab-
sorption the eets of noise and dierenes in oupling
strength lead to a signiant deviation from the numeri-
al result.
VI. PROBING THE DEGREE OF SQUEEZING
So far, we have not disussed to whih extent the max-
imally squeezed omponent of the atomi sample will be
useful and, e.g., set the limit for the preision obtained
in a measurement of an interesting physial quantity. To
investigate this point, we follow the work in Ref. [11℄, and
onsider a situation where (i) the sample is spin squeezed
for a time periode t1 (ii) the spin squeezing is stopped,
and the sample is subjet to a spin rotation, and (iii) the
system is probed, and the rotation angle is determined.
A. Noiseless ase: Analytial results
We start by an analysis of the simple ase orrespond-
ing to a single atomi sample and a single probe eld in
the noise-less limit. From Se. III, we have at time t1
Var(p
at
(t1)) =
1
2κ2t1 + 2
, (50)
where we have used that the atoms are initially in a o-
herent state with variane 1/2. Sine Var(x
at
)Var(p
at
) =
1/4 in this noiseless ase, we also have
Var(x
at
(t1)) = κ
2t1/2 + 1/2. (51)
After the time t1, the light-atom oupling is turned o,
and the system is subjet to a rotation around the y axis,
desribed by the interation HT = −θJy, where θ = ωT
is the small angle of rotation resulting from the ation of
the onstant rotation frequeny ω in time T , and where
Jy is the y omponent of the olletive spin operator.
Making the translation to the eetive dimensionless po-
sition operator as in Eq. (4) leads to the Hamiltonian
HT = −~θαx
at
, (52)
where α =
√
〈Jx〉/~ =
√
N
at
2 . To obtain an estimate for
the unknown lassial variable θ, we follow the ideas in-
trodued in Ref. [2℄, and treat the rotation variable θ as
a quantum variable within our gaussian desription. The
total system is then desribed by two atomi variables
and one rotation variable y = (θ, xat, pat)
T
. The orre-
sponding transformation matrix follows from Heisenbergs
equations of motion with the Hamiltonian in Eq. (52) and
in the basis (θ, x
at
, p
at
) we obtain
S =

 1 0 00 1 0
α 0 1

 . (53)
10
from whih we verify that, e.g, p
at
→ p
at
+αθ. Equation
(9) now determines the time-evolution of the system, and
we nd the following ovariane matrix at time t2 after
the rotation:
γ(t2) =

 2Var(θ0) 0 α2Var(θ0)0 2Var(x
at
(t1)) 0
α2Var(θ0) 0 2Var(pat(t1)) + α
22Var(θ0)

 , (54)
where Var(p
at
(t1)) and Var(xat(t1)) are given by
Eqs. (50) and (51), respetively.
Finally, at times t ≥ t2, the rotation is turned o,
and the sample is probed by the light beam as in the
time interval [0; t1]. The transformation matrix is deter-
mined by Heisenberg's equations of motion for the vari-
ables y = (θ, x
at
, p
at
, x
ph
, p
ph
)T with the Hamiltonian (5)
and is given by
S =


1 0 0 0 0
0 1 0 0 κ
0 0 1 0 0
0 0 κ 1 0
0 0 0 0 0

 . (55)
The ovariane matrix of the system is propagated a-
ording to Eq. (9). The measurements on the photon eld
are desribed as in Eqs. (18) and (19) (see also Ref. [2℄).
The submatrix Aγ is now the 3× 3 matrix pertaining to
the variables (θ, x
at
, p
at
), and Cγ is the 3× 2 ovariane
submatrix desribing the oherenes and orrelations be-
tween these three variables and the photon eld. We are
interested in the unertainty on the value of θ, i.e., the
(1,1) entrane in the ovariane matrix. To nd this as a
funtion of time, we follow the proedure in Se. III and
alulate the dierene betweenAγ after n and n+1 iter-
ations, and onsider the limit of innitesimal time steps.
In general, the dierential equations obtained in this way
are matrix Riatti equations and may be solved in stan-
dard ways [20℄. In the present ase, the solution reads
for probing times t ≥ t2:
Var(θ(t)) = Var(θ0)− Re(〈(θ − 〈θ〉)(pat − 〈pat〉)〉t2 )
Var(p(t2))
(
1− 1
(1 + 2Var(p(t2))κ2(t− t2))
)
, (56)
where the ovarianes at time t2 are given in Eq. (54).
We see from Eq. (56) that the variane of the variable θ
does not derease forever. In the long time limit, we nd
Var(θ(t→∞)) = Var(θ0)
(
Var(p
at
(t1))
Var(p
at
(t1)) + α2Var(θ0)
)
.
(57)
This shows, as expeted, that the limiting value only de-
pends on the squeezing and the rotation until time t2.
For large α parameter (many atoms) and for a suiently
large initial variane of θ, the result in Eq. (57) redues
to
Var(θ) ≃ Var(pat(t1))
α2
. (58)
The ratio of the varianes of θ in a measurement with (S)
and without (NS) spin squeezing is given by
Var(θS)
Var(θNS)
= 2Var(pS
at
(t1)) (59)
Sine Var(p
at
(t1)) ∈]0; 1/2] this shows that one may gain
a signiant fator in preision on the variable θ by pre-
squeezing the sample.
Finally, we note that the result of Eq. (57)
may be obtained diretly by onsidering the or-
responding lassial gaussian probability distribution
P (p
at
, θ) ∝ exp (−p2
at
/(2Var(p
at
))− θ2/(2Var(θ))). As
a onsequene of the rotation, p
at
transforms aord-
ing to p
at
→ p
at
+ αθ, and therefore the prob-
ability distribution after rotation reads P (p
at
, θ) ∝
exp
(−(p
at
− αθ)2/(2Var(p
at
))− θ2/(2Var(θ))). A mea-
surement of the variable p
at
leads to a distribution in θ
only, from whih the variane of θ is read o with the
result given in Eq. (57).
B. Noise inluded: Numerial results
Whereas in Se. VIA it is lear that it is the ol-
letive variable p
at
that is squeezed, in the ase of an
atomi ensemble with an inhomogeneous light-atom ou-
pling we only know from the analysis of Ses. VA and
VB that there exists a omponent that is squeezed, and
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that this omponent for moderate noise is very aurately
approximated by the asymmetri olletive variable P
e
of Eq. (35). The question we address now is whether
it is the variane of this omponent that will show up
in a measurement of a lassial parameter, suh as the
rotation parameter θ.
The formalism neessary for handling this problem was
developed in Ses. III and VB. In short, for n slies of gas
eah fullling ǫi, ηi ≪ 1, (i = 1, . . . , n) we rst propagate
and perform measurements on the system of 2n olletive
atomi position and momentum variables and 2 olletive
photon position and momentum variables. At time t1,
the light eld is turned o, and the atomi sample is
for t ∈ [t1; t2] subjet to a rotation around the y axis
desribed by the eetive Hamiltonian
Hτ = −~θ
n∑
i
αixat,i, (60)
with θ = ωT as in Se. VIA and with oupling onstants
αi determined by a generalization of the result in Eq. (52)
αi =
√
〈Jx,i〉
~
=
√
N
at,i
2
e−ηit1 . (61)
Spontaneous emission of photons is negleted in our ap-
proah, so the αi's are xed by their values at the
instant of time t1 when the photon eld is swithed
o, and the possibility for stimulated atomi deay
disappears. The transformation matrix S orrespond-
ing to the Hamiltonian in Eq. (60) is readily found
from Heisenberg's equations of motion for the variables
(θ, x
at,1, pat,1, . . . , xat,n, pat,n). Its diagonal entries are
unity, the i = 1, . . . , n (θ, p
at,i) entries are assigned the
values αi, and the rest are zero; a natural generaliza-
tion of Eq. (53). The propagation in time of the o-
variane matrix is then determined by Eq. (9). At time
t2 the rotation is stopped, and for times t > t2, the
atom-light Hamiltonian is turned on again. First the
initial ovariane matrix for θ, atomi slies and the pho-
ton eld (θ, x
at,1, pat,1, . . . , xat,n, pat,n, xph, pph) is set up.
This involves the ovariane from the previous part sup-
plemented by the position and momentum variables of
the photon eld. The dynamis of this enlarged ovari-
ane matrix is desribed by suitable modied versions of
Eqs. (17) and (19) of Se. III.
propagation with this enlarged ovariane matrix is
performed by the standard equation of Se. III properly
adjusting the transformation matrix and the matries as-
soiated with noise.
We aim to extrat from our numerial study that the
variable of relevane in the probing of the rotation an-
gle is the maximally squeezed omponent, i.e., at mod-
erate noise levels it is essentially the optimally squeezed
asymmetri P
e
variable of Eq. (35) and not the symmet-
ri olletive variable P of Eq. (36). From Heisenberg's
equation of motion it follows that P
e
and P transform
0 0.5 1 1.5 210
−8
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10−5
t [ms]
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Figure 5: Unertainty of the parameter θ as a funtion of time
and for dierent varianes of the oupling strength as speied
in the text. The gas is slied in n = 10 piees. The number
of atoms and photons are as in the preeding gures. The
value of αi is 0.2236. The dashed urves show the limiting
unertainty in the θ parameter as estimated from Eq. (65) for
the standard olletive variable P of Eq. (36) with the small-
est variane in the oupling strength for the lowest dashed
urve and the highest variane for the upper dashed urve.
The onstant horizontal solid line gives the limiting value of
Eq. (64), as obtained by the maximally squeezed omponent
P
e
of Eq. (35), and it is independent of the variane of the
oupling strength. The dereasing full urve is a olletion of
indistinguishable urves showing the numerial results for all
the dierent varianes of the oupling strength (see text).
aording to
P
e
→ P
e
+

∑nj=1 κjαj√∑n
j=1 κ
2
j

 θ, (62)
and
P → P +
(∑n
j=1 αj√
n
)
θ. (63)
A generalization of the result in Eq. (58) then yields the
following expressions for the variane of θ in the long time
limit
Var(θ) =
Var(P
e
)(∑
n
j=1
κjαj√∑
n
j=1 κ
2
j
)2 , (64)
and
Var(θ′) =
Var(P )(∑n
j=1
αj√
n
)2 , (65)
where Var(P ) is given by Eq. (41).
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Figure 5 shows results for inhomogeneous oupling
modeled by hoosing n = 10 dierent values of κ2 uni-
formly over the interval [(1 − δ)κ20/n; (1 + δ)κ20/n] with
δ ∈ {0, 0.02, 0.1, 0.2, 0.3, 0.4, 0.5}. As in Se. V, the ee-
tive oupling strength is xed by κ0. In the gure, the
solid lines are independent of utuations in the oupling
strength. The lowest solid line shows the asymptoti un-
ertainty of θ as obtained by Eq. (64). The dereasing
solid urve is the numerial result, onverging towards
this value. It represents a olletion of indistinguishable
urves showing the numerial results for all the dierent
varianes of the oupling strength. We observe that the
dereasing solid urves show a better estimation of the
rotation angle θ than the predition by the symmetri
olletive variable shown by the dashed urves in the g-
ure. The fat that the dereasing full urves onverge to
the value determined by the maximally squeezed om-
ponent signies that this indeed sets the limit for the
preision of the measurement.
VII. CONCLUSIONS
In this work we have given a omprehensive aount
of the theory of probing and measurements in the gaus-
sian state approximation. We have followed the ideas of
Refs. [2, 14℄, and we have provided a omplete analysis of
the method and its strengths by analyzing in detail the
problem of spin squeezing.
The gaussian approximation for the olletive quan-
tum parameters inluding possibly an external lassial
parameter allows us to inlude the measurement proess
diretly, and to obtain analytial results in the noise-less
ase and in the limit of low noise. Also the theory is read-
ily generalized to handle situations whih have resisted
a satisfatory treatment with other theoretial methods.
For example, the ase of an optially thik gas with or-
responding inhomogeneous light-atom oupling an be
treated and even understood analytially to a large ex-
tent.
We have shown that in the present ase of squeezing
of the spin of an atomi ensemble by using a ontinu-
ous wave oherent light beam, it is indeed the maximally
squeezed omponent of the atomi gas that determines
the preision with whih one an estimate the value of
an external perturbation.
At present, we seek to address a series of other prob-
lems in ontinuous variable quantum physis inluding
generation and detetion of nite band-width squeezed
light and estimation of time-varying external perturba-
tions.
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